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Using dyadic representations elaborated from vectors of Jones, and calculating relations of anti-
commutation of these tensorial forms, we obtain in shape explicit the Pauli spin matrices.
INTRODUCTION
Light when it spreads out for the space puts up with
itself like a wave, which is why we say that light are
electromagnetic waves. One of the behaviors of light
is experiencing the phenomenon of polarization, whose
interpretation use the physical optics more commonly
named waving optics [1].
In the description of polarization, using like tool
the wave optics, manages to get in Jones’s calcula-
tion and the vectors of Jones. Jones’s vectors are used
to represent the different states of polarization of light [2].
When we study the polarization of light, once an elec-
tromagnetic wave was regarded as we do not take like
one granted that it is compound for so-called particles
photons, because this last image corresponds to the
corpuscular nature of the electromagnetic radiation and
these two perspectives are excluding [3].
The corpuscular nature of light is typical of the quantum
theory that manifests itself when it interacts with matter
at high energies, in the order of ultraviolet and even
higher frequencies [4].
In quantum field theory, photons, constituents of light,
are whole spin particles that obey the Bose-Einstein
statistic and satisfy anti-switching rules. Particles with
half-integer spin, like electrons, obey the Fermi-Dirac
statistic and satisfy switching rules [6].
Dirac equation of relativistic quantum mechanics, which
describes the quantum behavior of electrons, contains
Pauli’s spin matrices, whose properties we outline later.
Apparently there is no relationship between the Jones
vectors and the Pauli spin matrices. Let’s see:
1. From the mathematical point of view the vectors
are tensors of order one and the spin matrices of
Pauli are tensors of second order; but they share
the common property that they reside in complex
spaces.
2. From the physical point of view, that of quan-
tum field theory, Jones vectors come from photons
(bosons) and Pauli matrices of half-integer spin par-
ticles (fermions).
In this article we use the concept of dyadic to transform
the Jones vectors of the complex vector space into a
complex tensor space, and we show a mathematical
connection with the Pauli spin matrices.
The article is distributed as follows: In section 1 we re-
view the polarization of light and the Jones vectors, in
section 2 we make an illustration of Pauli’s spin matri-
ces, in section 3 we define the nonic and quartic forms of
a dyad, in section 4 we use the Jones vectors to obtain
quartic forms of dyads, section 5 is the central part of our
work where we derive a connection between the quartic
forms of the dyadic and the spin matrices of Pauli. To-
wards the end we present the conclusions and a discussion
of the results.
POLARIZATION OF LIGHT AND JONES
VECTORS
Jones vectors are representations of the polarization
states of light and can be used to describe fully polarized
light.
In 1941, R.C Jones introduced a two-dimensional ma-
trix algebra to describe the polarization of light and
its influence on optical devices that have to do with
polarization. Algebra is applied to light that has a
defined polarization, such as plane waves, but is not
applicable in non-polarized or partially polarized light.
For partially polarized light, a four-dimensional algebra
known as Jones’s calculation is applicable.
The solutions to the Maxwell equations in the form of
flat waves, for the case of the electric field, for example,
are given by:
−→
E =
−→
E 0e
i
(−→
k .−→r −wt
)
(1)
2Where
−→
k is the wave vector that determines the direction
of propagation and w is the angular frequency. If the
coordinate system is oriented by taking the z-axis as the
direction of
−→
k , the equation (1) can be written in the
form
⇀
E (z, t) = (Exxˆ+ Ey yˆ) e
i(kz−wt) (2)
Where only the real part of equation (2) has physical
importance. The relationship between the complex am-
plitudes Ex, Ey describes the polarization of the light, in
such a way that we have different states of polarization
that can be described by a Jones vector whose structure
is defined by:
⇀
J = Axˆ+Be
iδ yˆ (3)
Where δ is the phase difference between the electric field
componentsEx, Ey and A, B, are defined as
A=
Ex√
|Ex|2+|Ey|2
; B =
Ey√
|Ex|2 + |Ey|2
(4)
An equivalent expression for a Jones vector is that of
a column vector, useful for its manipulations in matrix
algebra.
−→
J →
[
A
B′eiδ
]
=
[
A
B
]
(5)
⇀
J contains the information about the polarization state
of the light and is a kind of unitary vector
−→
J .
−→
J
∗
= 1 (6)
−→
J
∗
is the conjugate complex of
⇀
J , so that equation
(6) is a normalization condition of the Jones vector.
The polarization states of the most common Jones
vectors are represented by [5]
J1 =
(
1
0
)
Polarized linear light along the + x axis
J2 =
(
0
1
)
Polarized linear light along the + y axis
J3 =
1√
2
(
1
−i
)
Polarized circular light on the right
J4 =
1√
2
(
1
i
)
Circular light polarized to the left
(7)
Where these Jones vectors are properly normalized.
THE SPIN MATRICES OF PAULI
The theory of spin is identical to the general theory of
angular momentum, the spin is represented by a vector
operator ~S whose components Sˆx, Sˆy, Sˆz obeys the same
angular moment commutation relations [7].
[Sˆx, Sˆy] = i~Sˆz, [Sˆy, Sˆz] = i~Sˆx, [Sˆz, Sˆx] = i~Sˆy,
In addition, ~S2 and Sˆz commute; hence they have com-
mon eigenvectors:
~S2|s,ms〉 = ~2l(l+ 1)|s,ms〉, Sˆz|s,ms〉 = ~m|s,ms〉
where ms = −s,−s+ 1, · · · , s. Similarly, we have
~S± = ~|s,ms〉 = ~
√
s(s+ 1)−ms(ms ± 1)|s,ms ± 1〉
where ~S± = Sˆx ± iSˆy. When s = 1/2 it is convenient to
introduce the Pauli matrices σx, σyσz which are related
to the spin vector as follows:
~S =
~
2
~σ. (8)
Using this relation, the matrix representation is given by:
σx =
(
0 1
1 0
)
σy =
(
0 −i
i 0
)
σz =
(
1 0
0 −1
)
(9)
These matrices satisfy the following two properties:
σ2j = Iˆ (j = x, y, z)
σjσk + σkσj = 0 (j 6= k) (10)
These two equations are equivalent to the anticommuta-
tion relation
{σj , σk} = 2Iˆδj,k (11)
verify that the Pauli matrices satisfy the commutation
relations
[σj , σk] = 2iǫjklσl (12)
NONIC AND QUARTIC REPRESENTATIONS OF
A DYAD
In three-dimensional space it is common to use two
products between vectors, the scalar,
⇀
A.
⇀
B, and the
vector
⇀
A×
⇀
B. As its definition indicates, the first is a
scalar, while the second is a vector (more precisely a
pseudo vector).
3A third product can also be defined between vectors, but
this is tensor. This operation consists of placing the vec-
tors in a certain order, for example
⇀
A
⇀
B or
⇀
B
⇀
A , medi-
ated by an algebraic product. This tensor is called dyad
and its matrix representation is [7]
⇀
A
⇀
B =

 AxBx AxBy AxBzAyBx AyBy AyBz
AzBx AzBy AzBz

 =

 AxAy
Az

 ( Bx By Bz ) (13)
Equation (13) is called the nonic representation of a
dyad because it has nine matrix elements. For the case
of two dimensional space the matrix representation is:
⇀
A
⇀
B =
(
AxBx AxBy
AyBx AyBy
)
=
(
Ax
Ay
)(
Bx By
)
(14)
In this case, equation (14) is the quartic representation
of a dyad with four matrix elements.
FROM THE JONES VECTORS TO THE SPIN
MATRICES OF PAULI
Given the Jones vectors
⇀
J 1 =
1√
A2 +B2
(
Axˆ+Beiαyˆ
)
(15)
⇀
J 2 =
1√
C2 +D2
(
Cxˆ+Deiβ yˆ
)
(16)
With these Jones vectors we build the following dyads
D1 =
⇀
J 1
⇀
J 2 =
1√
A2 +B2
(
Axˆ+Beiαyˆ
)
· 1√
C2 +D2
(
Cxˆ +Deiβ yˆ
) (17)
D2 =
⇀
J 2
⇀
J 1 =
1√
C2 +D2
(
Cxˆ+Deiβ yˆ
)
· 1√
A2 +B2
(
Axˆ+Beiαyˆ
) (18)
Expressing equations (17) and (18) in matrix form we
obtain
D1 = E
(
AC ADeiβ
BCeiα BDei(α+β)
)
(19)
D2 = E
(
AC CBeiα
DAeiβ BDei(α+β)
)
, (20)
where
E =
1√
|A|2 + |B|2
1√
|C|2 + |D|2 .
we can also build the dyads:
DI =
⇀
J 1
⇀
J
∗
1; DII =
⇀
J 2
⇀
J
∗
2
in matrix form we get
DI = F
(
A2 ABe−iα
ABeiα B2
)
DII = E
(
C2 ABe−iβ
ABeiβ D2
)
with
F =
1
|A|2 + |B|2 ; G =
1
|C|2 + |D|2 .
Now we build the commutator
[D1, D2] = D1 D2 −D2D1 = E2
(
a11 a12
a21 a22
)
(21)
[DI , DII ] = D1 D2 −D2D1 = GF
(
aI,I aI,II
aII,I aII,II
)
(22)
The matrix elements of equation (21) are given by:
a11 =A
2e2iβD2 − e2iαB2C2
a12 =−A2eiβCD + eiαAB
(
C2 + e2iβD2
)
−B2CDei(2α+β)
a21 =−A2eiβCD + eiαAB
(
C2 + e2iβD2
)
−B2CDei(2α+β)
a22 =B
2C2e2iα −A2D2e2iβ
In equation (21) we are going to consider its simplest
forms that consist in assuming
1. A = 1, B = i , C = 1, D = i, which leads to α =
β = π/2 , with Jones vectors circularly polarized to
the left, the equation (21) leads us to
1
2
[D1, D2] =
(
0 1
1 0
)
= σx (23)
We have obtained one of the Pauli matrices σx,
using Jones vectors with left circular polarization
states.
42. A = -1 , B = i, C = 0, D = i.
aI,II = ABe
−i(α+β) [(A2 −B2)eiα
+
(
D2 − C2) eiβ]
Now equation (22) leads to.
2 [DI , DII ] =
(
0 −i
i 0
)
= σy (24)
What is the Pauli matrix, with complex entries, σy.
In this particular case, it is obtained with left cir-
cular polarization i√
2
(
1
i
)
and linear polarization
along the y axis i
(
0
1
)
.
3. A = 1 , B = 0, C = 0, D = 1, which leads to:
α = 0 , β = 0 but now the two Jones vectors have
linear polarization in the +x direction.In this case,
equation (21) with the respective matrix values.
[D1, D2] =
(
1 0
0 −1
)
= σz (25)
What is the third Pauli matrix σz.
CONCLUSIONS AND DISCUSSION
We have constructed the Pauli spin matrices from
nonic forms of the simplest representations of the Jones
vectors, in a kind of transition from a one-dimensional
complex vector space to a two-dimensional complex
space.
The Jones vectors are useful for describing the polar-
ization states of light, while the Pauli spin matrices are
related to the spin states of the fermions. The connection
is very curious since we are associating abstract entities
related to wave and corpuscular aspects of matter.
It is possible to obtain more complex relationships using
more general Jones vectors, extending it to tensor forms
in complex vector spaces with more dimensions with more
dimensions. but this will be a matter of inquiry in a later
work.
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